In this note, we construct new doubly even self-dual codes having minimum weight 20 for lengths 112, 120 and 128. This implies that there are at least three inequivalent extremal doubly even self-dual codes of length 112.
Introduction
Self-dual codes are an important class of linear codes for both theoretical and practical reasons (see [10] ). It is a fundamental problem to determine the largest minimum weights among self-dual codes of that length and to construct self-dual codes with the largest minimum weight.
Let F 2 denote the finite field of order 2. Codes over F 2 are called binary and all codes in this note are binary. The dual code C ⊥ of a code C of length n is defined as C ⊥ = {x ∈ F n 2 | x · y = 0 for all y ∈ C}, where x · y is the standard inner product. A code C is called self-dual if C = C ⊥ . A self-dual code C is doubly even if all codewords of C have weight divisible by four, and singly even if there is at least one codeword of weight ≡ 2 (mod 4). It is known that a self-dual code of length n exists if and only if n is even, and a doubly even self-dual code of length n exists if and only if n is divisible by eight. The minimum weight d of a doubly even self-dual code of length n is bounded by d ≤ 4 n 24 + 4, (1) [9] . A doubly even self-dual code meeting the bound is called extremal.
In this note, we study the existence of doubly even self-dual codes having minimum weight 20. By (1), if there is a doubly even self-dual code of length n and minimum weight 20, then n ≥ 96. For length 96, it is unknown whether there is an extremal doubly even self-dual code. For length 104, the extended quadratic residue code is the only known extremal doubly even self-dual code (see [10] ). For length 112, the first extremal doubly even self-dual code was found in [7] . For lengths 120 and 128, it is unknown whether there is an extremal doubly even self-dual code. The first doubly even self-dual code of length 120 and minimum weight 20 was found in [5] . Then 25 more doubly even self-dual codes of length 120 and minimum weight 20 were found in [11] . The existence of a doubly even self-dual code of length 128 and minimum weight 20 is known [4] . In this note, we construct new doubly even self-dual codes having minimum weight 20 for lengths 112, 120 and 128. This implies that there are at least three inequivalent extremal doubly even self-dual codes of length 112.
All computer calculations in this note were done with the help of Magma [1].
Preliminaries
Let C be a code of length n. The elements of C are called codewords and the weight wt(x) of a codeword x is the number of non-zero coordinates. The support of a codeword x = (x 1 , x 2 , . . . , x n ) is {i | x i = 1}. We denote the support of x by supp(x). The minimum non-zero weight of all codewords in C is called the minimum weight of C. Let A i be the number of codewords of weight i in C. The weight enumerator W C of C is given by n i=0 A i y i . By Gleason's theorem [6] (see also [9] ), the weight enumerator W C of a self-dual code of length n is written as:
for some integers a j . In addition, a doubly even self-dual code of length n exists then n is divisible by eight, and the weight enumerator W C of a doubly even self-dual code of length n is written as:
for some integers a j . Then Mallows and Sloane [9] established the upper bound (1) on the minimum weights of doubly even self-dual codes. Let C be a singly even self-dual code and let C 0 denote the subcode of codewords having weight ≡ 0 (mod 4). Then C 0 is a subcode of codimension 1. The shadow S of C is defined to be
If C is a singly even self-dual code of length divisible by 8, then C has two doubly even self-dual neighbors, namely C 0 ∪ C 1 and C 0 ∪ C 3 (see [2] ). Let B i be the number of vectors of weight i in S. The weight enumerator W S of S is given by
, where d(S) denotes the minimum weight of S. If W C is written as in (2), then W S can be written as follows [3, Theorem 5] :
Two self-dual codes C and C ′ of length n are said to be neighbors if dim(C ∩ C ′ ) = n/2 − 1. Two codes are equivalent if one can be obtained from the other by permuting the coordinates. An automorphism of a code C is a permutation of the coordinates of C which preserves C. The set consisting of all automorphisms of C is called the automorphism group of C.
An n × n circulant matrix has the following form:
so that each successive row is a cyclic shift of the previous one. Let A and B be n × n circulant matrices. Let C be a code with generator matrix of the following form:
where I n denotes the identity matrix of order n and A T denotes the transpose of a matrix A. It is easy to see that C is self-dual if AA T + BB T = I n . The codes with generator matrices of the form (5) are called four-circulant [8] . In this note, we found a singly even self-dual four-circulant code of length 112 and minimum weight 18 and doubly even self-dual four-circulant codes of length n and minimum weight 20 for n = 112, 120, 128, by a non-exhaustive search. An exhaustive search is beyond our current computer resources.
3 New extremal doubly even self-dual codes of length 112
3.1 A singly even self-dual code of length 112 and minimum weight 18
By a non-exhaustive search, we found a singly even self-dual four-circulant code C 112 of length 112 and minimum weight 18. The first rows r A and r B of A and B in the generator matrix (5) of C 112 are as follows:
respectively. Let C be a singly even self-dual code of length 112 and minimum weight 18. Let S be the shadow of C. From (2) and (4), the possible weight enumerators of C and S are determined as follows: The weight distribution of C 112 is listed in Table 1 . Note that singly even selfdual codes of length 112 and minimum weight 18 with weight enumerators corresponding to e = 1 were found in [7] . 
New extremal doubly even self-dual codes of length 112
If C is a singly even self-dual code of length divisible by 8, then C has two doubly even self-dual neighbors (see Section 2). We verified that the two doubly even self-dual neighbors of Moreover, by a non-exhaustive search, we found an extremal doubly even self-dual four-circulant code E 112 . The first rows r A and r B of A and B in the generator matrix (5) of E 112 are as follows:
We denote the known extremal doubly even self-dual code in [7] by H 112 . In order to distinguish H 112 , D 112 and E 112 , we consider the following invariant. Let C be an extremal doubly even self-dual code of length 112. Let M(C) be the matrix with rows composed of the codewords of weight 20 in C, where the (1, 0)-matrix M(C) is regarded as a matrix over Z. Let m i,j denote the (i, j)-entry of the matrix M(C)
T M(C). Then define
In Table 2 , we list all elements of m(C) for C = H 112 , D 112 and E 112 . Table 2 shows that the three codes are inequivalent.
Proposition 1. There are at least three inequivalent extremal doubly even self-dual codes of length 112.
Remark 2. The code H 112 has automorphism group of order 112 [7] . We verified that the codes D 112 and E 112 have automorphism group of order 112. 4 New doubly even self-dual codes of length 120 and minimum weight 20
From ( where a is the number of codewords of weight 20. The first doubly even self-dual code of length 120 and minimum weight 20 was found in [5] . Then 25 more doubly even self-dual codes of length 120 and minimum weight 20 were found in [11] . From [11, Table 1 ], these codes have different weight enumerators. By a non-exhaustive search, we found 500 doubly even self-dual four-circulant codes of length 120 and minimum weight 20. The numbers a of codewords of weight 20 in these codes are listed in Table 3 . It follows that these codes and the 26 codes in [5] and [11] have distinct weight enumerators. Hence, we have the following: Proposition 3. There are at least 526 inequivalent doubly even self-dual codes of length 120 and minimum weight 20.
Our feeling is that the number of inequivalent doubly even self-dual codes of length 120 and minimum weight 20 might be even bigger.
The first rows r A and r B of A and B in the generator matrices (5) of the 500 codes are listed in http://www.math.is.tohoku.ac.jp/~mharada/Paper/120-d20.txt.
As an example, we list the first rows r A and r B for ten codes in Table 4 . where a is the number of codewords of weight 20. The existence of a doubly even self-dual code of length 128 and minimum weight 20 is known [4] . By a non-exhaustive search, we found 200 doubly even self-dual four-circulant codes of length 128 and minimum weight 20. These codes have distinct weight enumerators, where the numbers a of codewords of weight 20 are listed in Table 5 . Our feeling is that the number of inequivalent doubly even self-dual codes of length 128 and minimum weight 20 might be even bigger.
The first rows r A and r B of A and B in the generator matrices (5) of the 200 codes are listed in http://www.math.is.tohoku.ac.jp/~mharada/Paper/128-d20.txt.
As an example, we list the first rows r A and r B for ten codes in Table 6 . 
